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For every dimension d > 1 there exists a constant ¢ = ¢(d) such that for all n > 1, every
set of at least cn lattice points in the d-dimensional Euclidean space contains a subset of car-
dinality precisely n whose centroid is also a lattice point. The proof combines techniques from
additive number theory with results about the expansion properties of Cayley graphs with given
eigenvalues.

1. Introduction

Let f(n,d) denote the minimum possible number f so that every set of f
lattice points in the d-dimensional Euclidean space contains a subset of cardinality
n whose centroid is also a lattice point. The problem of determining or estimating
f(n,d) was suggested by Harborth [12], and studied by various authors.

By an old result of Erdés, Ginzburg and Ziv (8], f(n,1)=2n—1 for all n. For
the general case, the following simple bounds are proved in [12]:

(1) (n-1)29+1< f(n,d) < (n—1)n? +1
(2) f(ning,d) < f(n1,d) + ny(f(n2,d) - 1).

The inequality (2) implies that if equality holds in the lower bound of (1) for
(n1,d) and for (ng,d), then equality holds for {(ning,d) as well. Therefore, since it
is easy to see that f(2,d)=2%+1, it follows that f(2%,d)=(2%— 1)2d+1 for all a>
1. Similarly, as shown by Kemnitz [13], f(p,2) =4p—3 for p=2,3,5,7 and hence
f(n,2)=4n~3 for all n=223%5¢74. 1t is conjectured in [13] that the lower bound
in (1) is tight for d =2, i.e., that f(n,2) =4n —~3 for all n, but this is still open,
although in [2] it is shown that f(n,2)<6n -5 for all n and that f(p,2) <5p—2 for
every sufficiently large prime p.

For d > 2 it is known that the lower bound in (1) is not tight, in general.
Various researchers observed that f(3,3) >19(>8-2+1). Examples appear in [12],
(7], (13], [14], where it is also shown that in fact f(3,3) =19. As shown in [13],
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f(3,4)=41. By the main result of [6], [10], f(3,d) =0(3%) as d tends to infinity. The
problem of determining f(n,d) precisely for all n and d seems extremely difficult.

In the present short paper we focus on the problem of estimating f{(n,d) for
a fixed dimension d and large n, in an attempt to extend the results of [8] and [2]
that deal with the cases d=1 and d = 2, respectively. Our main result is that for
every fixed dimension d, f(n,d) <c(d)n, where ¢(d) is a constant depending only
on the dimension d.

It is convenient to reformulate the definition of f(n,d) in terms of sequences

of elements of the abelian group Z<. If S is a sequence of (not necessarily distinct)
element of an abelian group, and T is a subsequence of S containing m elements,
T is an m-subsequence. If the sum of elements in T is the identity O of the group,
T is a zero-sum subsequence. In this notation, f(n,d) is the minimum possible f so
that every sequence of f members of Zﬁ contains a zero-sum n-subsequence. Our
main result is the following.

Theorem 1.1. There exists an absolute constant ¢ > 0 so that for all n, every
sequence of at least (cdlogyd)?n (not necessarily distinct) elements of Z% contains
a 0-sum n-subsequence. Therefore, f(n,d) < (cdlog,d)%n.

The proof of Theorem 1.1 is presented in the next section. It combines tech-
niques from additive number theory with results about the expansion properties of
graphs with given eigenvalues. These expansion results are applied to appropriately
defined Cayley graphs of abelian groups whose eigenvalues can be easily computed
in terms of the multiplicative characters of the groups. Note that as pointed out by
the referee, our graph theoretic approach can be replaced by equivalent more tradi-
tional harmonic analysis arguments, but we prefer the graph theoretic description
as we suspect it may be useful in the study of similar problems.

To simplify the presentation, we do not make any attempt to optimize the
absolute constants in our various estimates. We also omit all floor and ceiling signs
whenever these are not crucial.

2. The proof

It is not difficult to check that by (2) it suffices to prove Theorem 1.1 for primes

n=p. For this case, Z4 is a linear space, and our proof proceeds by induction on
the dimension d. The basic idea is, roughly, as follows. If our sequence contains
sufficiently many members in a lower dimensional (affine) subspace we can apply
induction. Otherwise, we show that every vector v € Zg is a sum of precisely p
members of the sequence. This is done by finding pairwise disjoint subsequences
Aji,...,Ar of the given sequence so that the cardinality of Ay + ...+ A; grows
sufficiently quickly to ensure that every vector is in the sum Aj +...+ A4,, where
r <p. The detailed proof combines tools from additive number theory with graph
theoretical techniques and is presented in the next three subsections.
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2.1. Adding linear bases of vector spaces

Let p be a prime. A hyperplane in Zg is the set of all vectors v of Zg so that
u-v=b, where here u is a nonzero vector in Z;,i, b€ Zp, and u-v denotes the usual
inner product of u and v over the field Z,. An affine basis of Zg is a set of d+1
vectors on Zg which is not contained in a hyperplane.

Proposition 2.1. Let z <p/4d be a power of 2, and let Ay, Asz,..., As be s afline
bases of Zg, where s=4zd. Then

|AL + Ao + ... + A > ¢

The proof presented below is a rather simple consequence of the following
result of Ruzsa, proved in [19] by applying the elegant graph theoretical technique
of Pliinnecke [18].

Lemma 2.2 ([19], Corollary 5.2). IfY and B are finite subsets of an abelian group
and h>1 is an integer, then

1/h
s ziv (B2

Corollary 2.3. Let Y be a subset of Z{f and let B be an affine basis of Zg. Ifiy|<
2% for some integer v <p/4d then |Y + B|> [Y|21/(21)_

Proof. By an affine transformation we may assume that B is the set consisting of
the O-vector and the d unit vectors. If h=2zd, then hB contains all the vectors in

which every coordinate is at most 2z and hence |hB| > (2z)?. The desired result
now follows from Lemma 2.2. |

Proof of Proposition 2.1 Start with the set Y7 of cardinality 1 containing only the
zero vector and with 21 =2 and repeatedly apply the last corollary, applying it first
with Y =Y] and B=A{, then with Y=Y71+ A1(= A1) and with B= A9 and so on.
By the corollary, after j <2dz; such steps the resulting set Y= A, +...+ 4; is of
size at least z:‘f Define £9=2x; and repeat this process with the next affine bases,
until the set Y of sums given by Y = A;+A49+...+A,; contains at least z‘zi members.
By the corollary, this will happen after at most 2dz, additional steps. Continuing
in this manner the desired result follows. I

Remark An alternative proof of Proposition 2.1 can be given, based on the main
result of [15] (see also [3], Lemma 6.9). The proof presented above is somewhat
shorter.
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2.2. Expansion and set addition

In this subsection we prove the following result.

Praposition 2.4. Suppose W >1, let A be a sequence of elements of Zg and suppose
that no hyperplane contains more than |A|/4W members of A. Then, for every
subset Y C Zg of at most p%/2 elements of Zz‘f there is an element a € A such that

%%
(@ +¥)\Y]2 v

In order to prove this assertion, we need the following known facts.

Lemma 2.5 ([9], see also [17], [1]). Let Y be a finite subset of an abelian group G,
suppose a € G and let i be a positive integer. Then

3) (~a+Y)\Y| =|(@+Y)\Y]
@) (ia+Y)\ Y| <i-[{a+Y)\Y]. I

If H = (V,E) is a loopless multigraph, the adjacency matriz of H is the
symmetric matrix (auy)u,vey, Where ay y is the number of parallel edges between
u and v. The eigenvalues of H are the eigenvalues of this matrix. Note that if H
is A-regular the largest eigenvalue of H is A.

Lemma 2.6 ([4], see also (5], page 120). Let H = (V,E) be a A-regular loopless
multigraph and let A denote the second largest eigenvalue of H. Let V=Y UZ be
a partition of V' into two disjoint sets, and let e(Y,Z) denote the number of edges
of H that have one end in Y and one end in Z. Then

(v, 2) > (- NI ;

Let GG be a finite abelian group, and let S be a multiset of elements of G so
that 0 ¢ S and the number of occurrences of each s in S is equal to the number
of occurrences of —s in S. The Cayley graph H = H(G,S) is the |S|-regular
(multi-)graph whose set of vertices is G in which for each g € G and each element
s that appears [ times in S there are I; parallel edges joining g and g+ s.

Lemma 2.7 (see, e.g., [16]). Let G, S and H = H(G,S) be as above. Then, the
eigenvalues of H are the numbers
> " x(s),

sES
where x ranges over all the multiplicative characters of G. [ |

Proof of Proposition 2.4 Put G:Zz‘,i. For each a€ A let §, be the multiset

{a,2a,3a,...,2[p/W)a}U{-a,~2a,-3a,...,—2[p/W]a}.
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Let S be the multiset of elements of G consisting of the union (with repetitions) of
the multisets S,, as a ranges over all members of A. Put A=|S|=4[p/W1|A|, and
let H=H(G,S) be the corresponding Cayley graph. This graph is A-regular. We
claim that its second largest eigenvalue is at most 3A/4. To see this observe that
by Lemma 2.7, each nontrivial eigenvalue of H is of the form

Zwv~s — Z Z wv-s’
seS a€A s€S,

27
where here w=¢ 7", - denotes the usual product over Z,, and v is some nonzero
member of G. Fix such a v. For a € 4 let v-a be the product of @ and v in Z,
represented so that —p/2 <wv-a<p/2. By assumption, for each fixed b€ Z,, there
are at most |A|/4W members a of A4 so that v-a==5b. Therefore, for at least [A|/2
members a € A, |v-a|>p/W. For each such a, if [=|v-a|(> W) and r=2[p/W7,

then
Z w¥ = wh(l - w™) /(1 - ) + w1 = w /1 - wh.
5€S,

Therefore

4 8
w?? < < < 2p/W <.
SEZS T 1-wl T War/p pIW st

Since this is the case for at least |4|/2 members of A, we conclude that

DN w < '—’;—lzr =3A/4,

a€ASES,

as claimed.

Let Y C Z =G be a set of at most half the members of G. Put Z=G\Y.
By Lemma 2.6 and the above estimate for the eigenvalues of H there are at least
A]Y]IZI/IG[ > A|Y'|/8 edges of H with one end in Y and another in G\Y. This
means that there are at least A|Y'|/8 ordered pairs (y,s) with y€Y and s€ S so
that y-+s¢Y. By averaging, it follows that there is some fixed s’ €5 so that the
number of members y of Y for which y+s' €Y is at least [Y|/8. By the deﬁnition
of S, there is an ¢ € {—1,1}, a positive integer j <2p/W and an a € 4 so that 5’ =
eja. Hence [(eya—i—Y)\Y] >|Y|/8 and by the two parts of Lemma 2.5, [(a+Y)\Y]|>
|Y|/85 > 16pr‘ completing the proof of the proposition. |

2.3. The proof of the main result

We can now prove Theorem 1.1. Observe, first, that it suffices to prove it
for the case of prime n = p, since if f(p,d) < cp for every prime p then f(p,d) <
2cp — (2c—1) for every such p, and hence, by (2), f(n,d)<2cn—(2c—1)<2cn for
all n. We thus assume that n=p is a prime and prove that

(5) flp,d) < c(djp
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for every prime p by induction on the dimension d, where the constants c(d) are
defined as follows.

(6) (1) =2 and ¢(d) = 256(dlogg d + 5)c(d — 1)+ (d+1) for d>2.

It is easy to see that the constants c(d) above satisfy, indeed, c(d) < (cdlogy d)? for
some absolute constant c¢. Observe, also, that we may assume that, say, p > 32d
since otherwise the assertion of the theorem follows trivially from (1).

To start the induction note that since as proved in [8] f(p,1)=2p—1 for all
p, (5) holds for d=1, with ¢(1) =2. Assuming (5) holds for d~1 we prove it for
d(>2). Let S be a sequence of at least ¢(d)p (not necessarily distinct) elements
of Zg. If there are at least c(d — 1)p elements of S on a hyperplane, then, by
the induction hypothesis, there is a 0-sum p-subsequence among these, and there
is nothing to prove. Hence, we may and will assume that there is no hyperplane
containing at least c(d —1)p members of S. We next show that in this case we can
find pairwise disjoint subsets Ai,...,As, Bi,...,Bs, A},..., A}, B},...,B} of S,
with the following properties. The cardinality of each A; and each Ag is d+1, the
cardinality of each B; and each B;» is 2, s+t+s +t'<p,

(7) |A; +...+As+ By +...+ By > p?/2

and
|AL + ...+ AL + Bl +...BL| > p?/2.
This will show that

Al+...+As+Bi+...+Bi+ Al +... + Ay + Bl +... + B}, = Z¢,

i.e., every element of Zg is a sum of s+t+s'+t' (<p) members of S. By choosing
an arbitrary set of p—s—t—s'—t' members of S that do not lie in the 4;, A}, B;
and B; and by writing the summation of their inverses as such a sum, we will get
the desired 0-sum p-subsequence and complete the proof.

It remains to prove the existence of the sets A;, A}, Bj, B; with the above

properties. We construct these sets one by one, as shown below. Put W =
64(dlogyd+5) and observe that by (6),

c(d)p — p(d+1)
aw

This means that even if we delete any set of at most p(d+1) members of the sequence
S, there is no hyperplane containing more than a fraction of 1/4W of the remaining
part of the sequence. Therefore, even after some of the sets A;, A;, B; B} will be
defined, the remaining part of our sequence S will still satisfy the assumptions in
Proposition 2.4 which will be useful in the definition of the other required sets.

We now turn to the construction of the above sets. The construction of the
sets Aj;, A; is simple. Let = be a power of 2 satisfying

=¢(d ~ 1)p.

P o< 2
324 "~ 16d
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Put s = &' = 42d(< p/4) and let Ay,...,As and Af,..., A}, be pairwise disjoint
subsequences of S, each forming an affine basis of Z;,i. Observe that these bases
certainly exist, and can be extracted from S one by one, since during this procedure
the remaining part of S cannot lie on a hyperplane (in fact, there is no hyperplane
containing even a fraction of 1/4W of this remaining part). By proposition 2.1

8 A As| > N
( ) ’ 1+...+ s, a4 32 d
and a similar estimate holds for the sets A;.

We next define the sets By,...,B;. Put Y =A1+...+A4s. If [Y[>p%/2 we do
not need any set B;, as (7) already holds. Otherwise, let S” denote the subsequence
of S without the members of the sets A; and A}, let s’ be an arbitrary member of

S’, and apply Proposition 2.4 to A=—s"+S’ and Y. By the proposition, there is
an a€ A so that

[la+Y)UY| > (1+E) [Y].

Define By ={a+s’,s'} (CS’) and observe that
w
Y +By|=]a+Y)UY|> <1+——> [Y].

Next, update Y to be Y = A} + ...+ A5 + By and update S’ by omitting from it
the elements of B;. If, now, |Y| > pd/2 there is no need for any other sets B;.
Otherwise, apply, again, Proposmon 2.4 as above to get another set By for wh1ch

w
A1+ ... As+ B1 + By| > <1+T—> |A1+ ... As + Byl

Continuing in this manner we keep defining sets B; until the required inequality
(7) holds. Since in each step the cardinality of the sum Aj +...+ B; is multiplied
by at least (1+ W/16p) it is easy to see that by (8), the number of steps will not
exceed Vﬁlog 32d)d) < p/4. Once this happens, the sets B;» can be defined in a
similar manner, where the fact that Proposition 2.4 can be applied follows from

the remark following the definition of W. This completes the description of the
construction, and the assertion of Theorem 1.1 follows. |

3. Open problems

The problem of determining f(n,d) precisely for all n and d remains, of course,
wide open, and seems to be very difficult. It seems plausible to conjecture that the
estimate in Theorem 1.1 can be improved and that in fact there exists some absolute
constant ¢ so that f(n,d)<c%n for all n and d.

Another conjecture, mentioned in Section 1, is the one in [13] asserting that
f{n,2)=4n -3 for all n. See [2] for some work on this question, including a proof
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that f(n,2) <6n~25 for all n. This proof is based on algebraic tools, and does not
yield any higher dimensional extensions.

The case of small n and large dimension d is also interesting. In [6], [10] it is

shown that f(3,d)=0(3%) as d tends to infinity, but it is not known if there is an
absolute § >0 so that f(3,d) < (3—6)¢ for all sufficiently large d. More generally,
it is not difficult to deduce from the main result of [11] that for every fixed n> 2,
f(n,d)=0(n?) as d tends to infinity, but the problem of finding a sharper estimate
for this range of n and d remains open.

(1]
2]
3]

4]

(7]
(8l

19]
[10]
1]
(12]

[13]
(14]

[15]
(16]

(17]

z

Hz z =z

05 w» T T W oY OTE

J.

References

. ALON: Subset sums, J. Number Theory 27 (1987), 196-205.

ALON, and M. DUBINER: Zero-sum sets of prescribed size, in: Combinatorics,
Paul Erdos is Eighty, Bolyai Society, Mathematical Studies, Keszthely, Hungary,
1993, 33-50.

. ALON, R. M. KARrP, D. PELEG, and D. B. WEST: A graph-theoretic game and

its application to the k-servers problem, SIAM J. Comp., to appear.

. ALON, and V. D. MILMAN: Aq, isoperimetric inequalities for graphs and super-

concentrators, J. Comb. Theory, Ser. B, 38 (1985), 73-88.

. ALoN, and J. H. SPENCER: The probabilistic method, Wiley, 1991.

C. BrRowN and J. C. BUHLER: A density version of a geometric Ramsey theorem,
J. Comb. Theory, Ser. A, 32 (1982), 20-34.
L. BRENNER: Problem 6298, Amer. Math.- Monthly, 89 (1982), 279-280.

. ErRDGs, A. GINZBURG, and A. Z1V: Theorem in the additive number theory, Bull.

Research Council Isreal 10F (1961}, 41-43,

. ERDOs and H. HEILBRONN: On the addition of residue classes mod p, Acta Arith.,

9 (1964), 149-159.

. FRANKL, R. L. GRAHAM, and V. RODL: On subsets of abelian groups with no

3-term arithmetic progression, J. Comb. Theory Ser. A, 45 (1987), 157-161.

. FURSTENBERG, and Y. KATZNELSON: An ergodic Szemerédi theorem for IP-

systems and combinatorial theory, J. d’Analyse Math., 45 (1985), 117-168.

. HARBORTH: Ein Extremalproblem fiir Gitterpunkte, J. Reine Angew. Math.,

262/263 (1973), 356-360.

. KEMNITZ: On a lattice point problem, Ars Combinatoria, 16b (1983), 151~160.
. LEEB, and C. STAHLKE: A problem on lattice points, Cruz Mathematicorum 13

(1987), 104-108.

. H. Loowmis, and H. WHITNEY: An inequality related to the isoperimetric inequal-

ity, Bulletin AMS, 55 (1949), 961-962.

. LovAisz: Combinatorial Problems and Ezercises, North Holland, Amsterdam,

1979, Problem 11.8.
E. OLsON: An addition theorem modulo p, J. Comb. Theory 5 (1968), 45-52.

(18] H. PLUNNECKE: Eine zahlentheoretische Anwendung der Graphentheorie, J. Reine

Angew. Math., 243 (1970), 171-183.



A LATTICE POINT PROBLEM AND ADDITIVE NUMBER THEORY 309

[19] I. Z. Ruzsa: An application of graph theory to additive number theory, Scientia, 3
(1989), 97-109.

Noga Alon Moshe Dubiner

Department of Mathematics
Raymond and Beverly Sackler
Foculty of Exact Sciences

Tel Aviv University, Tel Aviv, Israel
noga@math.tau.ac.il

Department of Mathematics
Raymond and Beverly Sackler
Faculty of FEract Sciences

Tel Aviv University, Tel Aviv, Israel
dubiner@math.tau.ac.il



